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Abstract: This paper presents an extended Takagi-Sugemo-Hang Model (ETSK) based on
extension principle. b= analyic expressicn is devived and an algorithre to wentify such & model is
propescd. A Variable Weights TSK Mode (YWTSK)} which is cquivalent 1o ETSK model is
induced, and an ETSK model-based fuzzy conwrol algosithe is presented. In this algorithm the
fuzey cootrel rules are designed aceording to the reles of the VIWTSK model Smulsbon shews
that an ETSK model can give out more accurale bong-range predichons and the comrol al gorithom
wan achieve better conirol performance than fuzry PID controi methed.  Cogyright £ 1095 LFAC
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I. INTRODUCTION

Fuzzy logic is widely apphied 0 system modelmg
and conirol to desl with the relationship between
imprecise, qualitative, linguistic assessments of the
system's mput and output states. Linguistic models
{LM) (Sugeno, « af, 1993) and Takagi-Sugeno-
Kang model {TSK) (Sugeno, o al, 1993; Takagi,
ol 1985} are wwo kinds of fuzzy models most
commanly uwsed.

For & Single lmput Single Output (S150) discrete
ume system i State-Space description
[+ 1y = £t kD)
| k)= gixtk), ulk))
its Linguistic model is composed of rules in form of
StEkE space
LF x,(K) is 4, AND, ..., AND 2k} is 4,
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AND aik) is By
THEN x,(k+ 1) is C, AND...,AND
lk+1) s Co AND Wiyis Dy, 21, m,

or in form of input-output
IF (b)) is 4, AND,., AND p{k-p) is 4,

AND u(t) is B, AND w(k-1) is B,
AND. . AND wik-g) is B,
THEN 3(K) is D, , i=1,...m

where x(kh=[x (k) (), . 1,00 <R is system state

varighles; w(k) and (k) are input and output of the

system: e k), a(k-t), WhdeR' 4, B, C;and D, are
fuzzy subsers of the comresponding wniverse of

discourse; j=1,..., p, F=l, - q.

In a TSK medel, instead of beng a linguistic ferm,
the consequert of the rule is a linear numerical
function. The TSK model of the abeve system is
composed of rules in the form

IF y(k-1)is 4, AND, ..., AND yk-p) is A,

AND w(k} is By AND alk-1) is B,

AND, ... AND ufk-q) is B,




Lt

THEN wk) Ty w13 =, "-+'1;n}1.*l"p}

+hgulky 4.+ blheg), F1.m
where ui) and i) are inpuwt and output of the
syslemn al & time: dy by W& H{k-f}ER}; Ayand B,
are fuzzy input sets of the comresponding universe of
discourse; f=1,.. o, =0, .4

The fuzzy input sets of a TSK mode] provide a non-
finear scheduling of the linear parameters, and the
output is the synthesis of the linear functions, which
only have a local influence.

2. ETSK MODEL AND ITS ANALYTIC
EXPRESSION

As an extension of TSK model, an ETSK model for a
SIS0 sysiem is composed of rules in the form

IF w(k=1) is A, ANDL L AND W) is 4,

AND u(k) is By AND u(k-1} is B,,

AND, ..., AND u(k-g) is B,

THEN ¥ = a,; @ 3(k-1) &,. .8 a, D yk-p)

@by k)R, B b, & ulkg) (1)
where u(k-) and Wi-eR' are the inputs of ETSK
model; ¥ is the fuzzy output of ETSK model; &, and
b, are LR (Left and Right reference) type fuzzy
numbers (Dubois, er al 1980), A, and £, are fuzzy
input sets of the corresponding universe of discourse,
=l =1 gm0 =g @ ois the extended
addition operation of fuzzy numbers and & is the
extended scalar product of furzy number.

Comparing with a TSK model, the consequent of the
rule in an ETSK model is a fuzzy linear function,
which is the combination of addition and scalar
product of fuzey numbers. There now follows a
theorem relative to ETSE model.

Theorem 1 Given a fuzzy system F; R #7iR!
described by Eq. (1), if &y and &, (=1, m, =1, p,
=0, .- 4y are LR type fuzzy numbers then the
svster's input-output relation is

> aH S XHG)
Wk = Centroid(Y) = —'*-‘4—-;-—-—-— 2)

24 S)

where 1 denotes the transpose, (k) is output of the
system which is centroid of the fuzzy ougput ¥,

& =] T (k- s, lt-1) 3

indicaies the degree the ith rule is activated,

E=lplk=1). ., wlhap), wlk), wlk=1). ., ulk=g3]'
is the input vector,
(= (k=10 o) R, B o ool
is defined,

= [, @ 5, = [, e
are the area enclosed by the membership function
and the axis,

f in, (1)t ft Ty, (Dt
Byr=—— Mt

1"1_ I,
Is the projection of the gravity center on the axis,

M ‘F
|
S, 5._5"” - s":'rp ] Bog qu |

15 the area coefficient vector, and

r
— [‘g"u By iy ""’g*xr}

is the gravity center coefficient vector.

Proof: According to Mamdani's implication, the m
rules of Egq. (1) can be comnected to form the
following fuszy relation

R=UR =04y x.x Ay x Byx.-x B, x¥)

=]
where ¥, 1n{-‘rcalc5 the fuzzy cutput ¥ of the ith rule.
Then the fozzy output set ¥ induced by the input
vector f i5 given by
F=haoR ..-,qu(fjg}_
=1

For the convenience of analytic handling, substituce
addition and product operators for ~ and v operators
(Mizumato, 1991), and use the center of grawity
defirzzification  algorithm, the defuerified output
becomes

rrifa,#r_{y}lﬂlv
Mk =Centroid{f )= —=L {4)

EZ[n,u, Ny

It follows that
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according to Eq. (4) and considering the following:

(1) The sum of two LR type fuzzy nembers is
still an LR type fuzzy rumber, and the area of the
sum equals the sum of the areas, the gravity center of
the sum equals the sum of the gravity centers,

@) The scalar product of an LR type fuezy
number and & real number is still an LR type Tuzzy
number, and the arca of the product equals the



product of the area of the fuzzy number and the
absolute valse of the real number, the gravily cenler
of the product equals the product of the gravity center
of the fuzzy pumber and the real number.

0
Corellary 1 If :_l}-:,"-i:o-l..:ﬂ. Fl...m,

o .p ™. .49 thes
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ﬁt}-mn-m.—.
£

In this case, an ETSK model is equivelent 10 a TSK
model. [n other words, TSK model is a special cate
of ETSK model.

I FUZEY IDENTIFICATION ALGORITHM
BASED ON ETSK MODEL

Hesearch in the wdemtification of fuzry models has
yielded a wide variety of achievements (Kaske, 1991,
Pedryce, 1984; Takagi. e ol 1985). In this section,
an online fuzzy ident:fication algorithm Based on the
ETSK model, described by Eg. (2), is proposed.

31 Mdewification of gravity cemler coefficient
veclor o,

For given input vector &, « can be caleulated from
Eq. (3). IE S, is kept fixed, then Eg. {2} becomes

SqnG,)
AL (5

4
chgq . ﬂnj.ﬂ 5.

Fé y T
T,

G=l6".a..6tf.
Eg. (3) is & least square format whene (&) and & are
measurable, so many identificarion methods, such 25
Least Square Meathod (LSM) or Forgetiing Factor
Methad (FFM), can be appled to ideswify the
parameler vactor &, .

1.2 Idemtificevon of area coefficient vecror §,

Given input vector b and (7, is kept fixed, then Eq. (2)
becores

_}{1]-1.1_..._.__.2..._ (&)

d =a kG
2=[8:.5;...8:1.

o, -{d,pf',:lq’..-,d_!q’]r,

", -[41Hr.i1Hr.....a-',ﬂr]r.
Clearly, wk), H, and H. in Eq. (#) can be measured,
w0 wstantaneous training algorithms, such as
Mean Square (LMS5) or Normalized Least
Square (NLMS), can be adopted io identify
parameter vector & in Fq, (8)

11

3.3 ldemificarion algorithm

The omling identification algorithm of an ETSK
Model is described as follows
I Choose the original velues of &, @. .5 and
cycle index ¥:
M Forsepk
D Keep §, fixed and wiilize Recursive
Forgsting Factor (RFF) method to ideanfy
the gravity center coefficient vector G,
D Keep G, fived and wilize Normalized
Least Mean Square (NLMS) algorrihm o
identify the area coefficient vecior 8,
M d=ke 1 If &<N then go back to 11, else end
idenyti fication.

4. VARIABLE WEIGHTS TSK MODEL

The LR type fuzzy numbers and extended operations
in the comsequent of the rules increase the
interpreting ability of ETSK model, bat they alse
increase the difficoly ' the fuzzy controller design
in which extended real operations, especially
extended division, are inevitable. In this section, a
kind of Variable Weights TSEK (VWTSK) model tha
is eqnvalent o ETSK model is mnduced. So that
furzy rnumbers and extemded operations in the
conscpuent of the rules of an ETSK model are
convered o real numbers and ordinary operaions.

A type of VWTSK model is composed of rules in the
ferm
IF Ji-1) is A, AND pk-2) is 4,
AND...., AND yk-p) is 4,
AND wik}) is By AND w(k-1}is B,,
AND,... . AND w{k-g) is B,
THEN wbrg, vikl)  =..+g, vike)

+-g,my[i.1+ _____ " wk-g), WITH axih) (T)
where s(k) and p{k) are input and outpur of the model



at k time; (k-7), w(k-r), g, , g, €R'; A, and B, are
fuzzy input sets of the corresponding universe of
discourse; ey(h) is the weight of the ith rule, & is the
input  vector denoted in Theorem 1: =1.....m,
om0, g

Theorem 2 Given a fuzzy system F: R
described by Eq. (7), if

T (8)

then it is equivalent to the fuzzy system described by
Eg. (1) thar is they have the same input-output
relation

Ea (a8, )0°6,)

el —

iﬁr{j"’rbﬂ .

=i

Proof: For the VWTSK mode! described by Eq. (T}
il follows from Eq. (8) that

‘[L}'i fee, 0, (W0 (v ~ v, (0

1al

[l_i{ﬂ.-rﬂ. )3y - y, (e}l

yik)=

S[aomf 50-y 0|

E[ﬁr,m, ) [ 503,00 |
=] ol
e T

T o (BH'G)

Iﬁa,m,{&}y,m 1

O

ia,w.. Ay

m
I e k)
je=l
LI
] I i :
T LY
T WS,
j :=.I

T b S (8°G)
=5 L e e b
Salnl's,
r=l
Thus, Theorem 2 has baen proved,
]
Theorem 2 provides a direct relationship between the
gravity center coefficient wvector &, the arca
coefficient vector 8, the input vector & and weights.
ETSK model is equivalent to a kind of VWTSRK
model in which the weights of the mles are
determined by system inputs and area coefficient
vectors. and the linear pararmeters of the consequent
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are graviry centzr coefficient vectors.

3. FUZZY CONTROL ALGORITHM
BASED ON AN ETSK MODEL

Thearem 2 offers us a method o construct a firzzy
control algorithm from an ETSK model. It can be
expressed as:

I Transform the ETSK model to the YWTSK
medel by using Theorem 2;
Design the corresponding control algorithm
ulk+1} = Riz') in accordance with the
consequent of the jh rule of the VWTSE
Model

whEg, k..t g, vikp)

+ gnm ”‘{'{'}J's---s"'g_n,g at{ -

For example, R(=') can be Deadbeat
controller (DB} or Minimum  Variance
controller (MW,

Keep the antecedent of the ah rule of the
VWTSK Model fixed, and substitute R.(z") for
its consequent;

w, (&), the weight of the ith rule of the fuzry
control algoritm, equals to @ (k) that 15

il

[H]

1w

From the step above (1 to IV), the fizzy control
algorithm based on an ETSK model 15 composed of
rules in the form
TF pih-1) is 4, AND k-2 is A, AND,.. AND
wWh-p) is A, AND ik} is By AND wik-1)is &,
AND,..., AND alk~) is B,,
THEN ufk+1)=Ry(z"ye( k), WITH wih}
where e(F1=r{k}wik); r{k) is the command input;
k=), wik-r), elk), r{'ﬂER!; Ay and &, are fI.U:'I}
input sets of the coresponding universe of
discourse; k is the input vector; wilk} is the weight
of the jih rule; j=1,...p =0,...9.

6. SIMULATION
& 1 Ideniffication of ETSK model

Consider & nonlinear systern
k) =0. 3081 Ju( A=2)-0. 73(A-2) + 0. 40k 1)
cos(0. (k- 100 36 (k- 1)+ 0.3 (k- 1) (9)
where x(k} is a uniformly distributed random signal
on [-L 1% p0y=p(y=adQ)=u(1)=0.

The fuzzy partition of w(k-1), Wk-2), (&1} and w(k-2)
are shown in Fig. |
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Pasitive Megative Paositive

[ _

| i ulk-1})

i "y uik-2}
[1]

Fig. 1 Fuzzy partition of p(&-1), Wk-2), w{f-1)
and wi&-27

Megative Zoro
i1}

A

F

Using the method proposed by Takagi (Takagi, e
al, 1985), a Linguistic model comprised of 36 nales is
obtained after 300 itcrations:
[F (&1} is Negative AND »(§2) is Negative
AND w{k-17 is Negative AND wi4-2) is Megative
THEN w&)= 0.5109 ALSO
IF w1} is Megative AND Wk-2) is MNegative
AND u(k-1) is Negative AND u(£-2) is Positive
THEN pi#)=-0.8717 ALSO
IF k1) is Positive AND 4-2] is Positive AND
nlk=1) 15 Positive AND w(k-2) 15 Positive
THEN p(&)= 0.1102 [10y
1fsing the same method and iterations, a TSK mode]
comprised of 3 mules is obtained:
IF pik-1) s Negative
THEM whi=0.24 13 k- 11-0.6T2:(k-2)
LS TOT k- 13023 TR k-2 ALSO
IF (k-1 is Zero
THEN #{&)=-0. 1279 k-1}-0.7 [ 59p( k-2
=0,6112 wik-1)-0.029444=2) ALSO
IF p(k=17 iz Positive
THEN 3(&)=0.3263y(k-1)-0.6670mk-2)
044390 - 1)HD 3 14500 k-2) {113
Using the identification algorithm in section 3 and
afier 300 iterations, an ETSKE mode! comprised of 3
rules is obtained:
IF p{k=1) is Megative
THEM »(k}=(1.2196,0. 25052 W4 -1)
B(1.0968 - 6707) R k-2)D(0,9246,0.506%)
Bnlk-1) B1.1780,-0. 254518 u(k -2) ALSO
IF 9k -1} is Zero
THEN p(&)=(1.3220,-0.106 1 }8nk-1)
B(1.1091,-0.7145)3(k-2) ©(] 2341,0.6076)
B =1130001.1132,-0.0272yEu(#-2) ALSO
1F (k-1 1z Positive
THEN p(k)= (0.7047,0.3221)@y(k-1)
W1 O4AS -0ATO K 218 1.0841,0.4369)
el =118 1.0743,0.3240 W80 k-2) {12)
where (*,*) denotes an LR type fuzzy number's area
and gravity center.

Fig. 2 shows the five-step prediction error of the LM
model {10}, the TSK model (11} and the ETSK
medel (12} 1t can be seen that the prediction error of
the ETSK model has the least mean E{elk)} and
variance Var{e()}. The other experiments also show
that for different prediction steps, the ETSK model
always outperforms the LM moedel and the TSK
mtodel under the same conditions.
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Fig 2. Five step prediction error of LM (10],
TSK model (11) and ETSK model (12)

6.2 Example of control algorithm based on ETSK

madal

Consider the nonlinear system (9), a fuzzy PID
controd algorithm and a control algorithm based on
the ETSK model are designed to trace square wave
sighal r{k).

The fuzzy PID control algorithm comprised of 18
rules is designed as follows
IF e(k) is Negative AND T elk) is Negative
AND Aelk) is Negative
THEMN w(k)=-0.9 ALSO
IF o(k) is Megative AND T e(k) is Zero AND
Ae(k) is Megative
THEM 1 £)=-0.3 ALSO
IF e(f) is Wegative AND T e(k) is Positive
AND Ae(k) is Negative
THEN siky= 0.0 ALSD

IF e(k) is Positive AND Z e(k) is Positive ANL‘J

Aa k) is Positive
THEN u{#)=0.5 (13)

The conrrol algorithm based on the ETSK maodel is
designed as follows
TF p(k-1) is Negative
THEN u(&)F0.0203u(k-1-0.0596e(4)
-0. 38620 k-1 )41 TOBTr(K),
WITH wy=(1.21960{ k- 1)+ 1.096 B[ £-2)|
HO.O246 (k- 13+ 1| 7RO k-2)1/s( 1) ALSO
IF (k-1 it Zero
THEN wl#}=0L03040(4- 1 }+0.4002204}
-12518e( k- 1)+2 441 Br{K),
WITH we={1 32204 1)1 108 1 1 £-2)|
#1234 je(R- 11,1132 -2Y)s (k) ALSO
IF p{k-1} is Positive
THEN wuf{k)=0,0120::{4-1) H1.3004e(%)
-0.5572e(k-17+1 2286x(k),



gi= An aeWgim o Peilelge Mu:
. IR - CIR

W N e e,
. 7 \\ F , /
ﬂ}f z.-}'\ E‘J /{; /\\ Ack ,,-f\‘(\
£ e s pa e S

Fig.3. Fuzzy panition of (k). de(k) and ¥ e(k)

ey B S R— ;

Fig. 4. Trace a square wave signal

WITH w,=(0. 704754k 1)] + 1 0465 (k-2
+1.084 1 )u(k-1)|+ | DT43|uh-2) y'5(k)
where o) is defined as
SEY3.2463p04- 1)}+3 2524} (k-2)]
43242801 ) 33685 u(k-2)|

In Egs. (13) and (14), a(k) is the trace emor which s
equal io rikj-pk). the error change Ae{k)=a(ki-e(k-1),
and Telk)is the ermor cumlatson. They are taken
as the inputs of the fuzzy PID controller. w(k) is the
oulput of the comtrollers. The fuzzy partition of pk-1)
is shown in Fig. | and e fuzey partition of e(£), deld)
and ¥ (k) are shown in Fig.d.

(14)

The comtrol resmls zre shown m Fig 4 The
perfarmance of the controller based on ETSK model
is superior 0 the fuzzy PID controller.

7. CONCLUSIONS

First, an ETSK model can give out more sccurate
long-range predicanions than 3 Linguistic model and
a TSK model cap do, and the number of its rules is
less than that of a Linguistic Model The
identification algorithm proposed in sectien 3 is very
effective and simple.

Second, if an ETSK maodel has been scguired, then
comply with the steps I-IV in section 5, & conirol
algorithm based on the ETSK model can be designed.
The consequent of its rules — Riz") is selected in
accordance with the specific cases. Comparing with
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fuiry P contrel, this control algerithen can achieve
barter control performance.

Finally, the combination of an ETSKE model,
idertification algorithm and control algorithm will
produce a new srategy of fuzzy adaptive control,
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